The effect of a partial resistive shell on the magnetohydrodynamical stability of tokamak plasmas Richard Fitzpatrick A comprehensive theory is developed to determine the effect of a partial resistive shell on the growth rate of the external kink mode in a low-␤, large aspect-ratio, circular flux-surface tokamak. In most cases, it is possible to replace a partial shell by a complete ''effective shell'' of somewhat larger radius. In fact, the radius of the effective shell can be used to parametrize the ability of a partial shell to moderate the growth of the external kink mode. It is necessary to draw a distinction between ''resonant shells,'' for which the eddy currents excited in the shell are able to flow in unidirectional continuous loops around the plasma, and ''nonresonant shells,'' for which this is not possible. As a general rule, resonant shells perform better than similar nonresonant shells. The theory is used to derive some general rules regarding the design of incomplete passive stabilizing shells. The theory is also employed to determine the effectiveness of two realistic feedback stabilization schemes for the resistive shell mode, both of which only require a relatively small number of independent feedback controlled conductors external to the plasma. © 1997 American Institute of Physics. ͓S1070-664X͑97͒03211-4͔
I. INTRODUCTION
The influence of a complete external resistive shell on the magnetohydrodynamical ͑MHD͒ stability of a toroidal pinch plasma has been extensively studied in the magnetic fusion literature. It is well established that eddy currents induced in the shell can moderate the growth of an otherwise ideally unstable external kink mode, so that it evolves on the characteristic L/R time of the shell, instead of a much shorter time scale determined by plasma inertia. Such slowed down modes are usually referred to as ''resistive shell modes.'' Stabilization of the resistive shell mode is vital to the success of the ''advanced tokamak'' concept, 28 which aims to simultaneously maximize the plasma beta, 29 the energy confinement time, and the fraction of the current due to the noninductive bootstrap effect. 30 The eventual aim is, of course, to design an attractive fusion power plant which can operate in steady state, at high fusion power density, with low recirculating power. 31 The interaction of a rotating magnetic island ͑i.e., the nonlinear phase of a conventional tearing mode 32, 33 ͒ with eddy currents induced in the shell generates a nonlinear slowing down torque which effectively brakes the rotation once a critical island width is exceeded. 21, 24 This effect is of importance because a nonrotating ͑or ''locked''͒ tearing mode is generally more unstable than an analogous rapidly rotating tearing mode ͑and, hence, the saturated island width is larger in the former case͒, since the latter mode is unable to penetrate through the shell. 11 The aim of this paper is to develop a comprehensive theory of the interaction of MHD instabilities of a large aspect-ratio, low-␤, tokamak plasma 34 ͑in particular, external kink modes͒ with a partial resistive shell. This investigation is relevant to magnetic fusion plasma physics because some existing tokamaks possess partial shells ͑for instance, the Princeton Beam Experiment, PBX-M, 35 and the Columbia High Beta Tokamak, HBT-EP 36 ͒. Moreover, advanced tokamak designs invariably incorporate close fitting passive stabilizing shells with incomplete poloidal and toroidal coverage. 37 Finally, in most tokamak reactor designs the ''first wall'' is constructed out of some highly conducting material, and is both modular in nature and partial in coverage. 38 This investigation is also relevant to the feedback stabilization of MHD instabilities using a set of external windings with incomplete poloidal and toroidal coverage.
II. PRELIMINARY ANALYSIS

A. Introduction
Consider a large aspect-ratio, low-␤, tokamak plasma whose magnetic flux surfaces map out ͑almost͒ concentric circles in the poloidal plane. Such a plasma is well approximated as a periodic cylinder. Suppose that the minor radius of the plasma is a. Standard cylindrical polar coordinates (r,,) are adopted. The system is assumed to be periodic in the z direction, with periodicity length 2R 0 , where R 0 is the simulated major radius of the plasma. It is convenient to define a simulated toroidal angle ϭz/R 0 .
B. Basic definitions
The perturbed magnetic field is written as ␦Bϭ"∧͑ẑ͒ϵ"∧ẑ,
͑1͒
where (r,,) is the perturbed poloidal magnetic flux. The magnetic field can only be written in this form provided that 
͑2͒
Suppose that the plasma is surrounded by a concentric cylindrical shell made of a rigid conducting material such as a metal. For the sake of simplicity, the analysis is performed in the ''thin shell'' limit, in which the skin depth of the perturbed magnetic field in the shell material is much greater than the thickness of the shell but much less than its radius.
In this limit, there is negligible radial variation of the perturbed flux across the shell. It is, therefore, possible to unambiguously define a ''shell flux,'' ⌿ w ͑ ,͒ϵ͑r w ,, ͒, ͑3͒
where r w is the shell minor radius. Note that even though is continuous across the shell, in general, its radial derivative is discontinuous. In the thin shell limit the eddy currents induced in the shell have no significant radial variation. Consequently, the radially integrated eddy current density can be written as 0 ␦I w ϭ"∧͑J w r͒ϵ"J w ∧r,
͑4͒
where J w (,) is the eddy current stream function. It is helpful to define the quantity 
͑6͒
where w (,) and ␦ w (,) are the shell electrical conductivity and radial thickness, respectively.
C. Basic physics
Ampère's law radially integrated across the shell yields
in the large aspect-ratio tokamak limit. Ohm's law combined with Faraday's law gives
where all perturbed quantities are assumed to vary with time like exp(␥t). Fourier transformation of the perturbed poloidal flux yields ͑r,,͒ϭ ͚ m,n ⌿ m,n ͑ r ͒exp͓i͑ mϪn ͔͒. ͑9͒
In the large aspect-ratio tokamak limit, characterized by ͓see Eq. ͑2͔͒
where ⑀ w ϭr w /R 0 Ӷ1, the function ⌿ m,n (r) obeys the ''cylindrical tearing mode equation,'' 
͑11͒
Here, Bϭ͓0,B (r),B ͔ is the equilibrium magnetic field, q(r)ϭrB /R 0 B is the ''safety factor,'' and J Ј ϵdJ /dr is the radial gradient of the equilibrium ''toroidal'' plasma current, 0 J (r)ϭ(1/r)d(rB )/dr. The cylindrical tearing mode equation is basically the perturbed force balance equation for an inviscid, massless, perfectly conducting fluid. The large aspect-ratio, low-␤, tokamak ordering requires that B /B Ӷ1 and also that qϳO (1) . The safety factor is a convenient measure of the helical pitch of the equilibrium magnetic field lines. Equation ͑11͒ is manifestly singular at any ''rational flux surface,'' for which qϭm/n, except when such surfaces are situated in the vacuum region outside the plasma ͑where J ϭ0͒. An acceptable solution of Eq. ͑11͒ must satisfy physical boundary conditions at rϭ0 and rϭϱ, with ⌿ m,n continuous across the shell. In addition, ⌿ m,n must be zero at any rational surface lying inside the plasma. The latter constraint comes about because modes which interact strongly with the shell tend to be very slowly rotating in the laboratory frame and, therefore, do not reconnect magnetic flux inside the plasma, which is usually rotating substantially faster than the rate of resistive reconnection. 24 In general, there is a discontinuity in the radial derivative of ⌿ m,n at r ϭr w . The parameter 
͑12͒
can be uniquely defined for every m,n pair, except for those involving mϭ0. The mϭ0 harmonic is a special case because the inequality ͑10͒ is not satisfied for this poloidal harmonic, so the usual large aspect-ratio tokamak approximations break down.
It is helpful to Fourier transform the shell flux ⌿ w (,) and the function ⌬⌿ w (,): 
D. The resistive shell mode
Consider the simple case in which the time constant w of the shell, as defined by Eq. ͑6͒, is uniform. In this situation, Eq. ͑8͒ can be Fourier transformed to give imJ w m,n ϭ␥ w ⌿ w m,n , ͑16͒
where O(n⑀ w ) terms have been neglected with respect to O(m) terms, in accordance with the inequality ͑10͒. Equation ͑16͒ can be combined with Eq. ͑15͒ to give a dispersion relation for the m,n mode:
and ⌬ w m,n is called the ''shell stability index'' for the m,n mode. Recall that ⌬ w m,n is determined by solving the ordinary differential equation ͑11͒ subject to suitable boundary conditions. In general, for physically plausible plasma current profiles, at most one of the ⌬ w m,n is positive at any given time. 40 Suppose that ⌬ w m 0 ,n 0 Ͼ0, with ⌬ w m,n Ͻ0 for m m 0 and n n 0 . Here, m 0 ,n 0 is termed the ''central harmonic.'' In the presence of a complete shell of time constant w the m 0 ,n 0 resistive shell mode is unstable with growth rate
and all other resistive shell modes are stable.
In the vacuum region outside the plasma the perturbed poloidal flux eigenfunction for the central harmonic can be written as ͑r,,͒ϭ ͫͩ 1ϩ
where the Fourier amplitude ⌿ w m 0 ,n 0 is normalized to unity.
Here,
represents that part of the radial eigenfunction which is maintained by plasma currents, and
for rϽr w for rуr w ͑21͒
represents that part which is maintained by eddy currents flowing in the shell.
E. A simple model for a partial shell
Consider, now, the more complicated situation in which the plasma is surrounded by a partial shell. Suppose, for the sake of simplicity, that the thickness and conductivity of the metal parts of the shell are uniform. This implies that w (,) is a constant ͑ w , say͒ over the metal parts of the shell, but is zero in the vacuum gaps.
It is possible to formulate a very simplistic model which describes the stability of the m 0 ,n 0 resistive shell mode in the presence of a partial shell. Suppose that, in the immediate vicinity of the shell, the perturbed poloidal flux at angular coordinates corresponding to conducting sections of the shell has an analogous form to that for a complete shell. Hence ͓see Eq. ͑19͔͒, ͑metal͒ϭ ͫͩ 1ϩ
Suppose, further, that the perturbed poloidal flux at angular coordinates corresponding to vacuum gaps in the shell has an analogous form to that for a complete shell, except that the part which is generated by eddy currents flowing in the shell is missing ͑since there are no eddy currents flowing in the vacuum gaps͒. Hence ͓see Eq. ͑19͔͒, ͑gap͒ϭ ͫͩ 1ϩ
͑23͒
The m,n harmonic of the perturbed poloidal flux is given by
͑24͒
It follows from Eqs. ͑22͒ to ͑24͒ that
in the immediate vicinity of the shell, where f is the area fraction of vacuum gaps in the shell. According to Eqs. ͑3͒, ͑5͒, ͑13͒, ͑20͒, and ͑21͒,
The dispersion relation is obtained via Eq. ͑15͒:
͑29͒
Here, w is the time constant of a uniform shell which contains the same amount of metal as the partial shell. It is easily demonstrated from Eqs. ͑22͒ and ͑23͒ that the ratio of the amplitudes of the perturbed poloidal flux in the metal and gap sections of the shell is given by
Suppose that the shell stability index for the central harmonic, ⌬ w m 0 ,n 0 , is gradually increased from a small positive value. Initially, the poloidal flux is evenly distributed over the metal and gap sections of the shell ͓see Eq. ͑30͔͒ and the partial shell acts like a uniform shell containing an equal amount of metal ͑i.e., ␥ w Ӎ⌬ w m 0 ,n 0 ͒. However, as the m 0 ,n 0 mode becomes more unstable the poloidal flux starts to concentrate in the gap sections of the shell and the growth rate accelerates. Eventually, at a critical shell stability index, ⌬ c m 0 ,n 0 , the poloidal flux is entirely concentrated in the gap sections of the shell and the resistive growth rate becomes infinite. It is easily demonstrated from Newcomb's criterion 27, 41 that the m 0 ,n 0 ideal external kink mode is unstable for ⌬ w m 0 ,n 0 Ͼ⌬ c m 0 ,n 0 . Thus, when the shell stability index exceeds the critical value ⌬ c m 0 ,n 0 the mode ''explodes'' through the gaps in the shell with an ideal growth rate. The dispersion relation ͑27͒ can be rewritten as
is the shell stability index for the m 0 ,n 0 mode calculated for a shell located at radius
According to Eq. ͑31͒, a partial shell acts like a complete shell whose radius r w is somewhat larger than r w ͑the actual radius of the shell͒, and whose time constant is that of the conducting sections of the partial shell. The ideal stability limit corresponds to ⌬ w m 0 ,n 0 →ϱ. Note that the ideal mode escapes through the gaps in the partial shell, so it is not shielded from the region rϾr w , as is the case for a complete shell.
F. Discussion
The main results of this section ͓i.e., Eqs. ͑27͒-͑33͔͒ were obtained using a rather heuristic argument. However, for the special case of a shell containing toroidal gaps ͑i.e., gaps which extend over specific ranges of toroidal angle͒ it is possible to derive the same results via an exact analytic argument. 40 This derivation is only valid in the limit in which the toroidal lengths of all metal and gap sections of the shell are much greater than the poloidal half-wavelength of the mode. Thus, if L is the minimum toroidal length of the metal or gap sections then it is necessary that
The derivation also makes use of the ''single harmonic approximation,'' in which it is assumed that the shell stability indices for all harmonics, apart from the central harmonic, take their vacuum values, ⌬ w m,n ϭϪ2͉m͉. ͑In fact, the model presented in Sec. II E tacitly assumes that ⌬ w m,n ϭϪ2͉m͉ for all harmonics apart from the central harmonic.͒ Preliminary analysis has suggested that under some circumstances Eqs. ͑27͒-͑33͒ also hold for shells containing gaps of arbitrary shape. 42 In Sec. III a more wide-ranging inquiry is made in order to determine to what extent this is the case.
III. SHELLS CONTAINING HELICAL GAPS
A. Introduction
Consider a shell which possesses M ,N helical symmetry, so that
for all values of and . It is convenient to define a helical angle
and to express shell quantities as functions of (r,,) instead of (r,,). In addition, shell quantities are assumed to vary with like exp(Ϫin * ). Note that n * is not necessarily an integer, although it must be a rational number. Thus, ⌿ w ϭ⌿ w ()exp(Ϫin * ), ⌬⌿ w ϭ⌬⌿ w ()exp(Ϫin * ), and J w ϭJ w ()exp(Ϫin * ). Equation ͑35͒ implies that w ϭ w ().
In terms of the new variables, Ampère's law ͓Eq. ͑7͔͒ is written as
while Eq. ͑8͒ becomes
B. Conducting segments and vacuum gaps
Suppose that at any given toroidal angle the shell consists of M conducting segments of uniform time constant w separated by vacuum gaps. Let the kth segment extend from kϪ to kϩ , where
for kϭ1 to M. Of course, ⌬Ͻ2/M . In ͑,͒ space the kth segment lies at constant , and extends from kϪ to kϩ , where
for kϭ1 to M. Now, from Eq. ͑4͒,
where the vector
runs parallel to the edges of the helical segments in ͑,͒ space. It follows from Eq. ͑41͒ that ‫ץ‬J w ‫ץ/‬ is zero in the vacuum gaps, since no eddy currents can flow in these regions. Furthermore, if n * 0, then J w must also be zero in the gaps. However, if n * ϭ0, then this constraint does not apply, and J w is merely required to be constant in the vacuum gaps. The essential distinction between the n * ϭ0 case and the n * 0 case is obvious from Eq. ͑41͒. In the former case, the eddy currents flow parallel to the edges of the helical segments which make up the shell. In the latter case, the currents flow at an angle to the edges of the helical segments. Thus, in the former case it is possible for the eddy currents to flow in a unidirectional continuous loop around each helical segment of the shell, whereas in the latter case this is impossible because the helicity of the currents does not match that of the shell segments. A shell for which n * ϭ0 is termed a ''resonant shell.'' Likewise, a shell for which n * 0 is termed a ''nonresonant shell.''
C. Nonresonant shells
In the large aspect tokamak limit, characterized by the inequality ͑10͒, with the additional constraint
Eq. ͑38͒ yields
for kϭ1 to M. Here, the c k are constants. Consider a nonresonant shell, for which n * 0, and J w is consequently zero in the vacuum gaps. In this case,
since J w () is a continuous function. Here, I k () is the net toroidal current flowing in the kth conducting segment of the shell at toroidal angle . It is clear that zero net toroidal current flows in each helical segment of the shell. This is true at all toroidal angles. Equations ͑44͒ and ͑45͒ can be combined to give
where m is the conventional poloidal mode number, and n * is related to the conventional toroidal mode number n via
By analogy with Eq. ͑14͒, ⌬ w m;n *ϭ⌬⌿ w m;n */⌿ w m;n *.
͑49͒
It follows from Eq. ͑37͒ that 
͑55͒
Integration of Eq. ͑38͒ over all values of yields
assuming that n * 0. It follows that
͑57͒
D. Resonant shells
Consider a resonant shell, for which n * ϭ0, and J w is consequently constant in the vacuum gaps. In principle, J w can take a different value in each gap. It follows from Eq. ͑45͒ that
Thus, a nonzero, constant ͑in ͒, toroidal current flows in each helical segment of the shell. However, as is easily demonstrated by summing the above expression from kϭ1 to N and making use of the fact that J w () is a single-valued function, the total toroidal current flowing in the shell is zero at all toroidal angles, i.e.,
Clearly, in a resonant shell the constraint that zero net toroidal current must flow in each segment of the shell is relaxed to the far less stringent constraint that zero net toroidal current must flow in the shell as a whole. By analogy with Eq. ͑46͒, this implies 
E. Reduction to a matrix eigenvalue problem
Equations ͑50͒-͑52͒, ͑61͒ and ͑62͒ yield the following dispersion relation for the resistive shell mode:
where j is an integer, and the ''equivalent time constant''
is the time constant of a uniform shell of radius r w which contains the same amount of metal as the segmented shell. The fraction of gaps in the shell is given by
Note that the above dispersion relation is written in terms of conventional poloidal and toroidal mode numbers, mϭm 0 ϩ jM and nϭn 0 ϩ jN, respectively. Recall that the central harmonic m 0 ,n 0 is the only intrinsically unstable harmonic; i.e., the only harmonic for which ⌬ w m 0 ,n 0 Ͼ0. 
where j is an integer. For the special case m 0 ϭlM , where l is an integer, the 0, n 0 ϪlN harmonic couples into the eigenvalue problem. Note that ⌿ w 0,n 0 ϪlN is not determined by the solution to Eq.
͑67͒, since F(0,m 0 ϩkM )ϭF(m 0 ϩ jM ,0)ϭ0. Furthermore, J w 0,n 0 ϪlN is not determined by Eq. ͑69͒, which is invalid for mϭ0. However, Eqs. ͑55͒ and ͑57͒ yield
and
respectively. In principle, F is an infinite dimensional square matrix. In practice, F can be approximated as a large, but finite, dimensional square matrix without unduly affecting the physically significant eigenvalues of Eq. ͑67͒. This is equivalent to the neglect of high mode number harmonics in the eigenvalue problem.
F. Numerical results
Wesson profiles
The matrix eigenvalue problem described above has been solved numerically using a ''Wesson-like'' plasma current profile,
where a is the minor radius of the plasma. The associated safety factor profile takes the form
Here, q 0 and q a are the values of the safety factor on the magnetic axis and at the plasma boundary, respectively. Sufficient helical harmonics are included in the calculation to determine the growth rate of the resistive shell mode to an accuracy of less than 1%. Typically, this requires about 160 harmonics.
Axisymmetric shells
In axisymmetric shells ͑i.e., Nϭ0 shells͒ the conducting segments and the vacuum gaps lie at constant poloidal angle. In this situation, the resonance condition ͑66͒ is only satisfied by axisymmetric modes ͑i.e., n 0 ϭ0 modes͒. In fact, such modes are intrinsically stable for the large aspect-ratio, low-␤, circular flux surface tokamak equilibria considered in this paper. 39 The intrinsically unstable modes for such equilibria all possess helical symmetry ͑i.e., n 0 0͒, and do not, therefore, resonate with the shell. Figure 1 shows the growth rate of the resistive shell mode plotted as a function of the shell radius for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. The central harmonic for this equilibrium is m 0 ϭ3, n 0 ϭ1, i.e., ⌬ w 3,1 Ͼ0, whereas ⌬ w m 3,n 1 Ͻ0. The growth rate is calculated for seven different shells, each of which has the same ''equivalent time constant'' w . The first shell is uniform ͑i.e., f ϭ1͒. The remainder are axisymmetric partial shells made up of uniform, identical, and equally spaced ͑in ͒ conducting segments whose total angular extent ͑in ͒ is 180°͑i.e., f ϭ0.5͒. In other words, the partial shells possess M ,0 symmetry, where M is the number of segments. Also shown is the growth rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
It can be seen that the analytic approximation ͑27͒ is in excellent agreement with the exact numerical result for the partial shells consisting of two or less segments. For the shell consisting of three segments the agreement is less impressive. The analytic formula is significantly in error for the shells consisting of more than three segments. Thus, Eq. ͑27͒ appears to be a good approximation provided that the poloidal lengths of all metal and gap sections of the shell are greater than the poloidal half-wavelength of the central harmonic, r w /͉m 0 ͉. In other words, provided that the angular extents of the metal and gaps sections are greater than 60°͑ since m 0 ϭ3 in this case͒. Figure 2 shows the growth rate of the resistive shell mode plotted as a function of the shell radius for a plasma equilibrium characterized by q 0 ϭ2.92 and q a ϭ5.98. The central harmonic for this equilibrium is m 0 ϭ6, n 0 ϭ1. The growth rate is calculated for six different shells with the same equivalent time constant w . The first shell is uniform ͑i.e., f ϭ1͒. The others are axisymmetric partial shells made up of uniform, identical, and equally spaced ͑in ͒ conducting segments whose total angular extent ͑in ͒ is 180°͑i.e., FIG. 1 . The growth rate ␥ of the resistive shell mode plotted as a function of the shell radius r w for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. Data are shown for seven shells with the same equivalent time constant w . The solid curve shows the growth rate for a uniform shell. The other curves show the growth rate for axisymmetric partial shells made up of uniform, identical, and equally spaced ͑in ͒ conducting segments whose total angular extent ͑in ͒ is 180°. The number of segments are one ͑dotted curve͒, two ͑short-dashed curve͒, three ͑long-dashed curve͒, four ͑dot shortdashed curve͒, five ͑dot long-dashed curve͒, and six ͑short-dashed, longdashed curve͒. The open circles show the growth-rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
FIG. 2.
The growth rate ␥ of the resistive shell mode plotted as a function of the shell radius r w for a plasma equilibrium characterized by q 0 ϭ2.92 and q a ϭ5.98. Data are shown for six shells with the same equivalent time constant w . The solid curve shows the growth rate for a uniform shell. The other curves show the growth rate for axisymmetric partial shells made up of uniform, identical, and equally spaced ͑in ͒ conducting segments whose total angular extent ͑in ͒ is 180°. The number of segments are one ͑dotted curve͒, three ͑short-dashed curve͒, six ͑long-dashed curve͒, nine ͑dot shortdashed curve͒, and twelve ͑dot long-dashed curve͒. The open circles show the growth rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
f ϭ0.5͒. Thus, the partial shells again possess M ,0 symmetry, where M is the number of segments. Also shown is the growth rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
The analytic formula is in excellent agreement with the exact numerical result for the partial shells consisting of three or less segments. For the shell consisting of six segments the agreement is not as good. The analytic formula is a poor approximation for the shells consisting of more than six segments. Again, Eq. ͑27͒ seems to be valid whenever the poloidal lengths of all metal and gap sections of the shell are greater than the poloidal half-wavelength of the central harmonic. In other words, provided that the angular extents of the metal and gaps sections are greater than 30°͑since m 0 ϭ6 in this case͒.
Figures 3-6 show the shell flux ⌿ w () and the eddy current stream function J w () evaluated for axisymmetric partial shells located at two different radii. In both cases, the plasma equilibrium is that characterized by q 0 ϭ1.3 and q a ϭ2.9. The central harmonic for this equilibrium is m 0 ϭ3, n 0 ϭ1. The Fourier amplitude ⌿ w 3,1 is conveniently normalized to unity. Both partial shells consist of a 180°uniform conducting section and a 180°vacuum gap ͑i.e., both shells possesses 1,0 helical symmetry͒. It can be seen that when such a shell is situated close to the plasma ͑i.e., r w /aϭ1͒, in which case the 3,1 shell stability index is relatively small ͑in fact, ⌬ w 3,1 ϭ1.010͒, the eddy currents induced in the shell are fairly weak and the structure of the mode is not strongly distorted from that of a 3,1 mode. On the other hand, when the same shell is situated further away from the plasma ͑i.e., r w /aϭ1.22͒, so that the 3,1 shell stability index becomes relatively large ͑in fact, ⌬ w 3,1 ϭ5.426͒, strong eddy currents are induced in the shell and the mode structure deviates markedly from that of a 3,1 mode. It is clear that the eddy currents tend to expel magnetic flux from the conducting sections of the shell, forcing the flux to concentrate in the vacuum gaps. In fact, for r w /aտ1.235 the flux is completely excluded from the conducting sections of the shell, and the mode ''explodes'' through the vacuum gaps with an ideal growth rate. Note that the behavior shown in Figs. 3-6 is exactly that predicted by the simple analytic model introduced in Sec. II E.
Resonant shells
According to Eq. ͑66͒, a resonant shell satisfies M ,N ϭ(m 0 ,n 0 ), where is a rational number. For n 0 ϭ1 modes, which are generally the most unstable modes in conventional tokamak plasmas, the only allowed values of are the positive integers 1,2,3,... .
Consider the case ϭ1, for which M ,Nϭm 0 ,n 0 . This a special case, because one of the harmonics which couples into the problem ͓see Eq. ͑63͔͒ is the Ϫm 0 ,Ϫn 0 harmonic, i.e., the harmonic with the opposite helicity to the central of their being a single intrinsically unstable harmonic ͑i.e., the m 0 ,n 0 harmonic͒ in the problem, there are now two intrinsically unstable harmonics, albeit with identical positive stability indices, ⌬ w m 0 ,n 0 . This allows the growth rate of the resistive shell mode to depend on the phase of the mode with respect to the shell. In fact, for a shell which couples the m 0 ,n 0 harmonic to the Ϫm 0 ,Ϫn 0 harmonic ͑i.e., any resonant shell for which 2m 0 ϭ jM , where j is an integer͒, a general resistive shell mode is a linear superposition of two independent modes with different growth rates; an ''even mode'' ͓i.e., a mode for which ⌿ w () is even ͑in ͒ across each helical segment of the shell, whereas J w () is odd͔, and an ''odd mode'' ͓i.e., a mode for which ⌿ w () is odd ͑in ͒ across each helical segment of the shell, whereas J w () is even͔. For a shell which does not couple the m 0 ,n 0 harmonic to the Ϫm 0 ,Ϫn 0 harmonic, a general resistive shell mode is a linear combination of two independent modes with exactly the same growth rate ͑see Figs. 3-6͒. Figure 7 shows the growth rate of the resistive shell mode plotted as a function of the shell radius for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. The central harmonic for this equilibrium is m 0 ϭ3, n 0 ϭ1. The growth rate is calculated for four different shells, each of which has the same equivalent time constant w . The first shell is uniform ͑i.e., f ϭ1͒. The remainder are partial shells containing three evenly spaced helical gaps whose total angular extent ͑in ͒ is 180°͑i.e., f ϭ0.5͒. In other words, the partial shells possess 3,N symmetry. Also shown is the growth rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
It can be seen that for the case of the two nonresonant partial shells ͑i.e., the 3,0 and the 3,2 shells͒ the growth rate of the resistive shell mode agrees with that described in Sec. III F 2. In other words, since the poloidal lengths of the metal and gap sections of both shells are the same as the poloidal half-wavelength of the central harmonic, the growth rate is in good, but not excellent, agreement with the analytic approximation ͑27͒. On the other hand, for the case of the resonant partial shell ͑i.e., the 3,1 shell͒ the growth rate of the resistive shell mode deviates markedly from that described in Sec. III F 2. As mentioned above, there are, in fact, two growth rates associated with the 3,1 shell. The growth rate of the ''odd mode'' is markedly less than that predicted by the analytic approximation ͑27͒, whereas the growth rate of the ''even mode'' is much greater than that predicted by Eq. ͑27͒. Of course, the growth rate of a general resistive shell mode quickly asymptotes to that of the even mode. Thus, it is clear that a ϭ1 resonant shell is less effective at moderating the growth of an external kink mode than a similar nonresonant shell possessing the same area fraction of gaps. Note that there is zero net toroidal current flowing in each shell segment for both even and odd modes.
Consider the case ϭ2, for which M ,Nϭ2(m 0 ,n 0 ). This is also a special case in which the Ϫm 0 ,Ϫn 0 harmonic couples into the problem. Thus, there are again two independent resistive shell modes ͑the even mode and the odd mode͒ with different growth rates. Figure 8 shows the growth rate of the resistive shell mode plotted as a function of the shell radius for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. The central harmonic for this equilibrium is m 0 ϭ3, n 0 ϭ1. The growth rate is calculated for four different shells, each of which has the same equivalent time constant w . The first shell is uniform ͑i.e., f ϭ1͒. The remainder are partial shells containing six evenly spaced helical gaps whose total angular extent ͑in ͒ is 180°͑i.e., f ϭ0.5͒. In other words, the partial shells possess 6, N symmetry. Also shown is the growth rate The growth rate ␥ of the resistive shell mode plotted as a function of the shell radius r w for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. Data are shown for four shells with the same equivalent time constant w . The solid curve shows the growth rate for a uniform shell. The other curves show the growth rate for partial shells containing three equally spaced helical gaps whose total angular extent ͑in ͒ is 180°. The various curves correspond to a 3,0 shell ͑dotted curve͒, a 3,2 shell ͑short-dashed curve͒, and a 3,1 shell. For the latter shell, there are two independent modes; the even mode ͑long-dashed curve͒ and the odd mode ͑dot short-dashed curve͒. The open circles show the growth rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
predicted by the analytic formula ͑27͒ for f ϭ0.5.
For the case of the two nonresonant shells ͑i.e., the 6,1 and 6,3 shells͒ the growth rate of the resistive shell mode again agrees with that described in Sec. III F 2. That is, since the poloidal lengths of the metal and gap sections of both shells are less than the poloidal half-wavelength of the central harmonic, the growth rate is significantly greater than that predicted by the analytic approximation ͑27͒. For the case of the resonant partial shell ͑i.e., the 6,2 shell͒, the growth rate of the odd mode is slightly larger than that predicted by Eq. ͑27͒, whereas the growth rate of the even mode is virtually the same as that obtained for a uniform shell. Of course, the growth rate of a general resistive shell mode quickly asymptotes to that of the odd mode. Thus, it is clear that a ϭ2 resonant shell is more effective at moderating the growth of an external kink mode than a similar nonresonant shell possessing the same area fraction of gaps. Note that there is zero net toroidal current flowing in each shell segment for the odd mode, whereas nonzero currents of alternating direction flow in the segments for the even mode.
Consider, finally, the case ϭ3. The Ϫm 0 , Ϫn 0 harmonic does not couple into the problem in this case, so the growth rate of the resistive shell mode does not depend on the phase of the mode with respect to the shell. Figure 9 shows the growth rate of the resistive shell mode plotted as a function of the shell radius for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. The central harmonic for this equilibrium is m 0 ϭ3, n 0 ϭ1. The growth rate is calculated for four different shells, each of which has the same equivalent time constant w . The first shell is uniform ͑i.e., f ϭ1͒. The remainder are partial shells containing nine evenly spaced helical gaps whose total angular extent ͑in ͒ is 180°͑i.e., f ϭ0.5͒. In other words, the partial shells possess 9, N symmetry. Also shown is the growth rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
For the case of the two nonresonant shells ͑i.e., the 9,2 and 9,4 shells͒ the growth rate of the resistive shell mode again agrees with that described in Sec. III F 2. That is, since the poloidal lengths of the metal and gap sections of both shells are much less than the poloidal half-wavelength of the central harmonic, the growth rate is very much greater than that predicted by the analytic approximation ͑27͒. For the case of the resonant partial shell ͑i.e., the 9,3 shell͒, the growth rate of the resistive shell mode is slightly larger than that obtained for a uniform shell. Thus, it is clear that a ϭ3 resonant shell is far more effective at moderating the growth of an external kink mode than a similar nonresonant shell possessing the same area fraction of gaps. Note that a nonzero toroidal current flows in each helical segment for the case of a ϭ3 resonant shell, whereas zero net current flows in each segment for the case of a nonresonant shell.
For Ͼ3, the growth rate of the resistive shell mode behaves in an analogous manner to that shown in Fig. 9 . As increases, the growth rate asymptotes to that of a uniform shell possessing the same equivalent time constant, w : the growth rate for a similar nonresonant shell asymptotes to infinity.
The above results were obtained by considering a particular plasma equilibrium whose central harmonic is m 0 ϭ3, n 0 ϭ1. These results are, nevertheless, quite general, as can easily be verified by considering other plasma equilibria with different central harmonics.
Consider the limit f →1, in which the angular extents of the helical shell segments tend to zero. In this limit, the growth rate of the resistive shell mode tends to infinity for all nonresonant shells. The situation is somewhat more complicated for resonant shells. For ϭ1, the growth rate of both FIG. 8 . The growth rate ␥ of the resistive shell mode plotted as a function of the shell radius r w for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. Data are shown for four shells with the same equivalent time constant w . The solid curve shows the growth rate for a uniform shell. The other curves show the growth rate for partial shells containing six equally spaced helical gaps whose total angular extent ͑in ͒ is 180°. The various curves correspond to a 6,1 shell ͑dotted curve͒, a 6,3 shell ͑short-dashed curve͒, and a 6,2 shell. For the latter shell, there are two independent modes; the even mode ͑long-dashed curve͒ and the odd mode ͑dot short-dashed curve͒. The open circles show the growth rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
FIG. 9.
The growth rate ␥ of the resistive shell mode plotted as a function of the shell radius r w for a plasma equilibrium characterized by q 0 ϭ1.3 and q a ϭ2.9. Data are shown for four shells with the same equivalent time constant w . The solid curve shows the growth rate for a uniform shell. The other curves show the growth rate for partial shells containing nine equally spaced helical gaps whose total angular extent ͑in ͒ is 180°. The various curves correspond to a 9,2 shell ͑dotted curve͒, a 9,3 shell ͑long-dashed curve͒, and a 9,4 shell ͑short-dashed curve͒. The open circles show the growth-rate predicted by the analytic formula ͑27͒ for f ϭ0.5.
the even and odd modes tend to infinity. For ϭ2, the growth rate of the odd mode tends to infinity, whereas the growth rate of the even mode asymptotes to that obtained for a complete shell with the same equivalent time constant. Finally, for Ͼ2 the growth rate of the resistive shell mode asymptotes to that obtained for a complete shell with the same equivalent time constant. Thus, in the limit f →1 there is a very marked difference in the ability of a nonresonant and a Ͼ2 resonant shell to moderate the growth of an external kink mode. In the former case, the shell is quite incapable of moderating the growth of the mode, whereas in the latter case the shell performs almost as well as a complete ͑i.e., f ϭ1͒ shell possessing the same equivalent timeconstant.
G. Summary
In parametrizing the ability of a partial shell made up of M ,N helical conducting segments to moderate the growth of an m 0 ,n 0 external kink mode, it is necessary to make a distinction between resonant and nonresonant shells. In the former case it is possible for m 0 ,n 0 eddy currents to flow in unidirectional continuous loops around each helical segment of the shell, whereas in the latter case this is impossible because the helicity of the segments does not match that of the kink mode. Thus, in the former case a nonzero toroidal current can, in principle, flow in each helical segment of the shell, whereas in the latter case zero net toroidal current flows in each segment. Of course, in both cases zero net toroidal current flows in the shell, as a whole, at any given toroidal location.
For the case of a nonresonant shell the analytic model presented in Sec. II E very successfully accounts for both the growth rate and the structure of the resistive shell mode, provided that the poloidal extents of all metal and gap sections of the shell exceed the poloidal half-wavelength of the mode, r w /͉m 0 ͉. In Ref. 40 it is demonstrated that the analytic model also works for shells containing toroidal gaps, provided that the toroidal extents of all metal and gap sections of the shell exceed the poloidal half-wavelength of the mode. Thus, it is reasonable to assume that the model described in Sec. II E also holds for shells containing gaps of arbitrary shape ͑see Ref. 42͒, provided that the dimensions of all metal and gap sections exceed the poloidal halfwavelength of the central harmonic, and also that the gaps are such as to prevent m 0 , n 0 eddy currents from flowing in unidirectional continuous loops around the shell.
Resonant shells satisfy m 0 ,n 0 ϭ(M ,N), where ϭ1,2,3,... for n 0 ϭ1 modes ͑which are, typically, the most unstable modes in tokamaks͒. For ϭ1, the eddy currents excited in the shell couple the Ϫm 0 ,Ϫn 0 , and m 0 ,n 0 harmonics. Consequently, the growth rate of the resistive shell mode depends on the phase of the mode with respect to the shell. The most unstable mode, the so-called even mode, is such that the perturbed radial magnetic field peaks at the center of the gaps at all toroidal angles. The growth rate of this mode is far larger than that obtained for a similar nonresonant shell containing the same area fraction of gaps. Thus, ϭ1 resonant shells are less able to moderate the growth of an external kink mode than similar nonresonant shells. For ϭ2, the shell again couples the Ϫm 0 ,Ϫn 0 , and m 0 ,n 0 harmonics. The most unstable resistive shell mode, the so-called odd mode, is again such that the perturbed radial magnetic field peaks at the center of the gaps at all toroidal angles. The growth rate of this mode is somewhat less than that obtained for a similar nonresonant shell containing the same area fraction of gaps. Thus, ϭ2 resonant shells are better able to moderate the growth of an external kink mode than similar nonresonant shells. For Ͼ2 resonant shells, the growth rate of the resistive shell mode is independent of the phase of the mode with respect to the shell. In fact, the growth rate is almost identical to that obtained for a complete shell possessing the same equivalent time constant. On the other hand, for similar nonresonant shells the growth rate of the mode greatly exceeds that obtained for an equivalent complete shell. Thus, Ͼ2 resonant shells are far better able to moderate the growth of an external kink mode than similar nonresonant shells.
IV. SKELETAL SHELLS
A. Introduction
The most striking conclusion of the previous section is that which pertains to skeletal ͑i.e., f →1͒ shells. It is found that nonresonant skeletal shells are virtually incapable of moderating the growth of the ideal external kink mode, whereas (Ͼ2) resonant skeletal shells perform almost as well as complete shells possessing the same equivalent time constant. In order to more clearly understand this rather surprising phenomenon, this section is devoted to an investigation of the ability of skeletal shells constructed from thin helical wires ͑whose mutual spacing is much greater than their diameter͒ to moderate the growth of the ideal external kink mode.
B. Preliminary analysis
Consider a set of M uniform z-directed wires of diameter d. Suppose that the kth wire carries a current I k and is located at position vector r k in (x,y) space. It is assumed that the typical spacing between the wires, b, is much greater than d. The magnetic field generated by the currents flowing in the wires is given by B wires ϭ" wires ∧ẑ, where
The energy per unit length contained in the magnetic field distribution is
where L k is the self-inductance per unit length of the kth wire, and M kl is the mutual inductance per unit length between the kth and lth wires. Assuming that the wires carry zero net current, i.e.,
the self-and mutual inductances can be easily shown to take the form
where
ydy. ͑78͒
Here, I 1 is a standard Bessel function, ϭͱ␥ 0 /R, and R is the resistance per unit length of the wires. It is assumed that all fields and currents vary in time like exp(␥t). Note that
The circuit equation for the kth wire is
where B ext ϭ" ext ∧ẑ is the magnetic field generated by currents external to the region containing the wires. The external field is also assumed to vary in time like ext(␥t). The total magnetic field is given by Bϭ"∧ẑ, where
C. Resonant skeletal shells
Analysis
Consider the kink stability of a tokamak plasma surrounded by a skeletal shell of minor radius r w which is constructed out of helical wires. Suppose that at any given toroidal angle there are M wires located at poloidal angles
for kϭ1 to M. Clearly, the shell possesses M ,N helical symmetry. It is convenient to adopt the single harmonic approximation,
for m, n m 0 , n 0 , with ⌬ w m 0 ,n 0 Ͼ0. Thus, the shell stability indices for all harmonics, apart from the intrinsically unstable central harmonic, take their vacuum values ͑i.e., the values obtained in the absence of the plasma͒. It is assumed that the shell is resonant, so that M ,Nϭ(m 0 ,n 0 ). It follows that, in principle, a nonzero current I k is able to flow in the kth wire. Recall, from Sec. III, that if the shell is nonresonant then zero net current must flow in each wire. In the large aspect-ratio limit, the wires at any given toroidal location are directed essentially in the ͑or z͒ direction. Thus, the results of Sec. IV B can be applied to this problem. The external perturbed poloidal magnetic flux ͑i.e., the flux generated by perturbed currents flowing in the plasma͒ at the shell is given by 
where given by
It follows from Eqs. ͑76͒ and ͑77͒ that
for all values of k, where
͑94͒
The fact that the value of ⌬ c m 0 ,n 0 given by Eq. ͑91͒ is independent of the value of k suggests that the initial guess ͑86͒ for the distribution of currents flowing in the wires is correct.
In the limit that M →ϱ the function K(M ,͉m 0 ͉) reduces to
͑95͒
where ␣ϭ͉m 0 ͉/M . 
͑96͒
Equations ͑76͒, ͑81͒, ͑83͒, ͑84͒, ͑85͒, and ͑86͒ give
where ϭϪ(N/M ). Let
͑98͒
It is clear that the function f () is periodic; i.e.,
where j is an integer. Let
for 0рsр1. It is easily demonstrated that
Here, the wires. At this point, the growth rate of the resistive shell mode becomes infinite ͓see Eq. ͑89͔͒.
Discussion
The growth rate of the resistive shell mode for the case of a resonant skeletal shell constructed from helical wires is determined by Eq. ͑89͒. Note that this expression is similar to the dispersion relation ͑27͒ obtained in Sec. II E, except that the form of the parameter ⌬ c m 0 ,n 0 is different. As was demonstrated in Sec. III, the simple analytic model outlined in Sec. II E successfully accounts for the properties of the resistive shell mode for nonresonant shells, provided that the dimensions of all metal and gap sections exceed the poloidal half-wavelength of the central harmonic. It can now be seen that the analytic model of Sec. II E can also be applied to resonant skeletal shells ͓where, by definition, the length of the metal sections of the shell ͑i.e., the wires͒ in one direction is much less than the poloidal half-wavelength of the central harmonic͔, provided that the critical shell stability index ⌬ c m 0 ,n 0 is determined by Eq. ͑96͒, instead of Eq. ͑29͒.
Note that ⌬ c m 0 ,n 0 is a weak function of the growth rate ␥ via the function g(␥), which determines the amount of magnetic flux penetrating into the interior of the wires. When the growth rate is relatively large ͑i.e., ␥ w ӷM ͒ ⌬ c m 0 ,n 0 (␥) asymptotes to the constant value ⌬ cϱ m 0 ,n 0 ͓see Eq. ͑102͔͒. The dispersion relation ͑89͒ can be interpreted in exactly the same manner as the earlier dispersion relation ͑27͒. When the shell stability index for the central harmonic ⌬ w m 0 ,n 0 is much less than its critical value ⌬ cϱ m 0 ,n 0 , the amplitude of the magnetic flux in the wires is equal to that in the vacuum gaps, and the growth rate of the resistive shell mode is the same as that obtained for a uniform shell containing the same amount of metal as the wires. However, as ⌬ w m 0 ,n 0 approaches ⌬ cϱ m 0 ,n 0 , magnetic flux is gradually expelled from the wires ͓see Eq. ͑105͒ and Fig. 11͔ , and the growth rate of the resistive shell mode accelerates. Finally, when the shell stability index reaches the critical value ⌬ cϱ m 0 ,n 0 ͓defined by Eq. ͑102͔͒
there is no flux remaining in the wires, and the growth rate of the resistive shell mode becomes infinite: this corresponds to the marginal stability point for the m 0 ,n 0 ideal external kink mode. For ⌬ w m 0 ,n 0 Ͼ⌬ cϱ m 0 ,n 0 the mode explodes between the wires with an ideal growth-rate. According to Eq. ͑102͒ and Fig. 10 , the critical shell stability index ⌬ cϱ m 0 ,n 0 is zero whenever ͉m 0 ͉ϭ jM , where j is a nonzero integer. In other words, an M ,N resonant skeletal shell is quite incapable of moderating the growth of the m 0 ,n 0 external kink mode if ͉m 0 ͉ is a nonzero integer multiple of M . This is not a surprising result. Equation ͑86͒ implies that I k ϭÎ for all k ͑i.e., the same current flows in each wire at any given toroidal angle͒ whenever ͉m 0 ͉ϭ jM . This immediately yields Îϭ0 ͑i.e., zero current flows in each wire͒ since, by symmetry, a helical mode cannot induce a net toroidal current in a passive conducting shell. Thus, the m 0 ,n 0 mode excites no eddy currents in the shell if ͉m 0 ͉ is a nonzero integer multiple of M , which implies that the shell is unable to affect the growth rate of the mode. At first sight, Eq. ͑102͒ and Fig. 10 seem to suggest that the critical shell stability index ⌬ cϱ m 0 ,n 0 takes a particularly large value whenever ͉m 0 ͉ϭ( jϩ1/2)M , where j is an integer. However, this is not necessarily the case. Equation ͑86͒ yields I k ϭ͉Î͉(Ϫ1) kϪ1 when Î is purely real, and I k ϭ0 when Î is purely imaginary ͑since the physical current flowing in the kth wire is obtained by taking the real part of I k ͒. Figure  10 determines the critical shell stability index of the former mode, but not the latter. In fact, the critical shell stability index of the latter mode is zero, since the mode excites no eddy currents in the shell. In other words, when ͉m 0 ͉ϭ( j ϩ1/2)M the growth rate of the resistive shell mode depends on its phase. It is possible to find a particular phase for which no eddy currents are excited in the shell, and the shell is, therefore, unable to affect the growth rate of the mode. There is a second, linearly independent, phase for which eddy currents of alternating direction are excited in the wires making up the shell: the shell is clearly capable of moderating the growth rate of the mode in this case ͑in fact, the critical stability index is that determined by Fig. 10͒ .
When ͉m 0 ͉ jM and ͉m 0 ͉ ( jϩ1/2)M , where j is an integer, the nonzero critical shell stability index ⌬ cϱ m 0 ,n 0 for the m 0 ,n 0 mode is determined by Eq. ͑102͒ and Fig. 10 , with no qualifications. In this case, the growth rate of the resistive shell mode is independent of its phase. It now remains to make a connection between the results of this section and those of Sec. III F 3. The case ͉m 0 ͉ ϭ jM , where j is an integer, corresponds to the case ϭ1 investigated in Sec. III F 3. Recall, from Sec. III F 3, that in the skeletal limit, f →1, the growth rate of the resistive shell mode tends to infinity for a ϭ1 resonant shell. Furthermore, zero net toroidal current is excited in each helical segment of the shell. These results are in complete accordance with the results of this section, where it is found that when ͉m 0 ͉ϭ jM no currents are excited in the helical wires making up the shell, and the growth rate of the resistive shell mode becomes infinite. The case ͉m 0 ͉ϭ( jϩ1/2)M , where j is an integer, corresponds to the case ϭ2 investigated in Sec. III F 3. Recall, from Sec. III F 3, that in the skeletal limit, f →1, the growth rate of the resistive shell mode for a ϭ2 resonant shell tends to infinity for one particular phase of the mode, and tends to a finite value in the other linearly independent phase. In the former case, zero net toroidal current is excited in each helical segment of the shell, whereas in the latter case nonzero currents of alternating direction are excited in the segments. These results are, again, in complete accordance with the results of this section, where it is found that when ͉m 0 ͉ϭ( jϩ1/2)M there are two linearly independent resistive shell modes. The first mode excites no eddy currents in the helical wires making up the shell and, therefore, has a growth rate which tends to infinity. The second mode excites eddy currents of alternating direction in the wires and possesses a finite growth rate. Finally, the case ͉m 0 ͉ jM and ͉m 0 ͉ ( jϩ1/2)M , where j is an integer, corresponds to the case Ͼ2 investigated in Sec. III F 3. Recall, from Sec. III F 3, that in the skeletal limit, f →1, the growth rate of the resistive shell mode remains finite for a Ͼ2 resonant shell. This accords well with the results of this section, where the growth rate of the resistive shell mode is finite whenever ͉m 0 ͉ jM and ͉m 0 ͉ ( jϩ1/2)M . Note, from Eq. ͑102͒, that as the number of helical wires M increases, but the area fraction of metal ͑proportional to M d͒ remains constant, the critical shell stability index ⌬ cϱ m 0 ,n 0 tends to infinity. Thus, in this limit, the skeletal shell acts like a complete shell with the same equivalent time constant. Recall, from Sec. III F 3, that in the analogous limit →ϱ the shell also acts like a complete shell with the same equivalent time constant.
D. Nonresonant skeletal shells
Analysis
A nonresonant partial shell built up from helical conducting segments is subject to the constraint that zero net toroidal current must flow in each segment ͑see Sec. III͒. Thus, it is not possible to construct an effective nonresonant shell from independent helical wires, since zero current must flow in each wire, and the shell is, therefore, incapable of moderating the growth of the ideal external kink mode. Consider, instead, a shell of minor radius r w constructed from M identical wire loops, each consisting of two interconnected helical wires. The kth loop is such that the ͑approximately toroidal͒ current I k () flows at ϭ k ϩ⌬/2 and the return current ϪI k () flows at ϭ k Ϫ⌬/2, where k is given by Eq. ͑82͒, for kϭ1 to M. It is assumed that the two wires which make up the kth loop ͑located at poloidal angles k Ϯ⌬/2͒ are connected together at a sufficiently large number of toroidal locations that I k () is able to vary freely with toroidal angle. In practice, this means that the toroidal spacing of the connections must be less that the toroidal halfwavelength, R 0 /n 0 , of the central harmonic.
By analogy with the analysis of Secs. IV B and IV C, the circuit equation for the kth loop is given by
for kϭ1 to M. Here, V k is the voltage ͑per unit length͒ around the kth loop, at ϭ0 ͑say͒, due to induction by currents flowing external to the shell. Likewise, I k is the current circulating in the kth loop at ϭ0. Furthermore, R is the resistance per unit length of the wires making up the loops, L k is the self-inductance per unit length of the kth loop, and M kl is the mutual inductance per unit length between the kth and lth loops. Adopting the single harmonic approximation exemplified by Eq. ͑83͒, it is easily demonstrated that 
͑108͒
Finally, the self-and mutual inductances of the loops are
respectively, where g() is given by Eq. ͑78͒, and ϭͱ2␥ 0 /R. Suppose that at ϭ0 and
is the equivalent time constant of the shell ͑i.e., the time constant of a uniform shell of radius r w containing the same amount of metal as the loops͒, 
The fact that the value of ⌬ c m 0 ,n 0 given by Eq. ͑114͒ is independent of the value of k suggests that the initial guess ͑111͒ for the distribution of currents circulating in the loops at ϭ0 is correct. According to the dispersion relation ͑112͒, the growth rate of the resistive shell mode tends to infinity as ⌬ w m 0 ,n 0 →⌬ cϱ m 0 ,n 0 , where
It follows from Eqs. ͑79͒ and ͑116͒ that
͑121͒
In the limit M →ϱ,
͑123͒
Figures 12, 13, and 14 show F ϱ and G ϱ plotted as functions of ␣ for ⑀ϭ0.01, ϭ0.02, 0.5, and 0.98, respectively, and various values of M . In all cases, it can be seen that 
It is clear from Figs. 12-14 that the critical shell stability index ⌬ cϱ m 0 ,n 0 achieves its maximum value when ␣ϭ j ϩ1/2, where j is an integer. This corresponds to ͉m 0 ͉⌬/2 ϭ( jϩ1/2). In other words, a nonresonant skeletal shell is best able to moderate the growth of the ideal external kink mode when the poloidal extents of the loops which make up the shell are odd-integer multiples of the poloidal halfwavelength of the central harmonic. In this situation, the time constant of the shell is equal to the equivalent time constant, according to Eq. ͑113͒. It is also clear from Figs. 12-14 that the critical shell stability index tends to zero when ␣ϭ j, where j is an integer. This corresponds to ͉m 0 ͉⌬/2ϭ j. In other words, a nonresonant skeletal shell is incapable of moderating the growth of the ideal external kink mode when the poloidal extents of the loops which make up the shell are integer multiples of the poloidal wavelength of the central harmonic. In this situation, the time constant of the shell also tends to zero, according to Eq. ͑113͒. If ͉m 0 ͉⌬/2 is neither a half-integer nor an integer multiple of then the properties of the shell lie somewhere between the two extremes described above. Finally, in the limit in which the poloidal extents of the loops making up the shell are much less than the poloidal half-wavelength of the central harmonic ͑i.e., ͉m 0 ͉⌬/2Ӷ1͒, Eq. ͑125b͒ reduces to
and Eq. ͑113͒ yields
Thus, in the limit of narrow loops the critical shell stability index becomes relatively small, and the time constant of the shell becomes much less than the equivalent time constant. Clearly, in this limit the shell is fairly ineffective at moderating the growth of the ideal external kink mode.
Discussion
The growth rate of the resistive shell mode for the case of a nonresonant skeletal shell constructed from helical wire loops is determined by Eq. ͑112͒. Note that this expression is similar to the dispersion relation ͑27͒ obtained in Sec. II E, except that the forms of the parameters w and ⌬ c m 0 ,n 0 are different. Judging from the results of Secs. III and IV, it appears highly likely that the dispersion relation for the resistive shell mode always takes the form ͑27͒ in situations where the single harmonic approximation is valid. However, the expressions for the time constant w and critical stability index ⌬ c m 0 ,n 0 clearly depend on the type of shell in question.
For the case of a nonresonant shell constructed from helical wire loops the two parameters are determined by Eqs. ͑113͒ and ͑125a͒, respectively. The critical shell stability index ⌬ c m 0 ,n 0 is again a weak function of the growth rate ␥, but asymptotes to the constant value ⌬ cϱ m 0 ,n 0 ͓see Eq. ͑125b͔͒ as ␥→ϱ. The dispersion relation ͑112͒ can be interpreted in the standard manner. When the shell stability index for the central harmonic ⌬ w m 0 ,n 0 is much less than its critical value ⌬ cϱ m 0 ,n 0 , the mode grows on the time scale w , which, in this case, is less than or equal to the equivalent time constant ͑i.e., the time constant of a uniform shell of radius r w containing the same amount of metal as the loops͒. However, as It now remains to make a connection between the results of this section and those of Secs. III F 2 and III F 3. In Sec. IV C it was found that the behavior of a resonant shell built up from narrow ͑i.e., such that the poloidal extents of the strips are much smaller than the poloidal half-wavelength of the central harmonic͒ helical conducting strips can be accounted for, at a qualitative level, by modeling each strip as a helical wire possessing the same helicity and the same resistance per unit length. This model cannot be applied to a similar nonresonant shell because of the constraint, which applies to all nonresonant shells, that zero net toroidal current must flow in each strip: this constraint implies that each wire carries zero current, so the model shell has no effect on the growth rate of the ideal resistive shell mode. A more sensible approach is to model each strip as a helical wire loop possessing the same helicity and resistance per unit length. By definition, zero net toroidal current flows in a helical loop, so the above-mentioned constraint does not preclude a nonzero current from circulating in each loop. The dimensions of the loops are determined as follows: the angular width ⌬ of the loops is the same as the angular width of the strips, and the diameters of the helical wires making up the loops are the same as the radial thickness of the strips. According to Eqs. ͑127͒, the model predicts that the time constant of the shell is (͉m 0 ͉⌬) 2 /4 times the equivalent time constant. In other words, the time constant is much less than the equivalent time constant ͑by a factor which is of order the ratio of the poloidal width of the helical strips to the poloidal half-wavelength of the central harmonic, squared͒. According to Eq. ͑126͒, the model predicts that the critical shell stability index is relatively small ͑the index is proportional to the ratio of the poloidal width of the helical strips to the poloidal half-wavelength of the central harmonic, squared͒. Clearly, the model suggests that a nonresonant shell built up from narrow helical strips is very ineffective at moderating the growth of the ideal external kink mode. This conclusion is entirely consistent with the results of Secs. III F 2 and III F 3.
E. Summary and discussion
The main results of this section are the resistive shell mode dispersion relation ͑89͒ for a resonant skeletal shell made up of helical wires, and the resistive shell mode dispersion relation ͑112͒ for a nonresonant skeletal shell made up of helical wire loops. In fact, both these dispersion relations have exactly the same form as the resistive shell mode dispersion relation ͑27͒ derived in Sec. II E. Note that all three dispersion relations depend on the single harmonic approximation. The latter dispersion relation is valid for any nonresonant shell for which the dimensions of all metal and gap sections exceed the poloidal half-wavelength of the central harmonic ͑see Sec. III G͒. This criterion clearly excludes skeletal shells. The fact that the same dispersion relation is also obtained for both resonant and nonresonant skeletal shells strongly suggests that Eq. ͑27͒, ͑28͒
given by Eqs. ͑90͒ and ͑96͒, respectively. Finally, for the case of a nonresonant skeletal shell constructed from helical wire loops, w and ⌬ c m 0 ,n 0 are given by Eqs. ͑113͒ and ͑125a͒, respectively. The analysis of skeletal shells is worthwhile for two main reasons. First, it permits a qualitative understanding of the results of Secs. III F 2 and III F 3, which pertain to shells constructed from narrow helical conducting strips. It is clear that the marked difference in the ability of (Ͼ2) resonant and nonresonant shells to moderate the growth of the ideal external kink mode comes about because in the former case a net toroidal current is able flow in each strip, whereas in the latter case zero net current must flow in each strip ͑see Sec. III͒. Thus, resonant shells are similar to skeletal shells constructed from helical wires: the eddy currents excited in the shell flow through the strips in unidirectional continuous loops, so the strips act rather like wires. On the other hand, nonresonant shells are similar to skeletal shells constructed from narrow helical wire loops: the eddy currents excited in the shell are forced to circulate in the strips, which are narrow, so the strips act rather like narrow wire loops. According to the analysis presented in this section, both the time constant, w , and the critical shell stability index, ⌬ c m 0 ,n 0 , are much lower for a nonresonant skeletal shell constructed from narrow helical wire loops than for a (Ͼ2) resonant skeletal shell constructed from helical wires. This conclusion is is good agreement with the results of Secs. III F 2 and III F 3. The second main reason for analyzing shells constructed from helical wires and helical wire loops is that such analysis is a necessary prerequisite for evaluating realistic feedback control schemes for the resistive shell mode.
V. APPLICATIONS
A. Introduction
The theory presented in Secs. II-IV has many interesting and important applications in tokamak fusion physics. In this section, a few of these applications are examined in depth.
B. The design of passive stabilizing shells
Consider the stability of the ideal external kink mode for the case of a tokamak plasma surrounded by a partial shell of minor radius r w . It is convenient to adopt the single harmonic approximation, in which the shell stability indices for all harmonics, apart from the central harmonic m 0 ,n 0 , take their vacuum values Ϫ2͉m͉. It is easily demonstrated that this is an excellent approximation, unless the shell is located very close to the edge of the plasma. 40 The shell stability index for the central harmonic can always be written in the form
Here, r c is termed the critical radius for the m 0 ,n 0 ideal external kink mode. A complete, perfectly conducting shell whose radius is less than the critical radius is able to stabilize the ideal external kink mode, whereas a similar shell whose radius is greater than the critical radius is incapable of stabilizing the mode. The resistive shell mode dispersion relation for a complete resistive shell takes the form
where w is the time constant of the shell. Thus, the resistive shell mode is unstable wherever ⌬ w m 0 ,n 0 Ͼ0. The growth rate of the resistive shell mode merges with that of the ideal external kink mode as ⌬ w m 0 ,n 0 →ϱ. So, the marginal stability point for the latter mode is 1/⌬ w m 0 ,n 0 ϭ0. It follows from Eq.
͑129͒ that the ideal external kink mode is stable and the resistive shell mode is unstable for r w Ͻr c , whereas the ideal external kink mode is unstable for r w Ͼr c . The resistive shell mode dispersion relation for a partial shell takes the general form ͑see Sec. IV E͒ 
͑135͒
It is clear from a comparison of Eqs. ͑130͒ and ͑132͒ that a partial shell of time constant w and radius r w acts in exactly the same manner as a complete shell of effective time constant w and effective radius r w . In other words, it is possible to replace a partial shell by a complete effective shell whose time constant and radius are both larger than those of the actual shell. As the radius r w of the effective shell approaches the critical radius r c , the growth rate of the resistive shell mode merges with that of the ideal external kink mode. Thus, the marginal stability criterion for the latter mode corresponds to r w ϭr c . It follows that the ideal external kink mode is stable and the resistive shell mode is unstable for r w Ͻr c , whereas the ideal external kink mode is unstable for r w Ͼr c .
For the special case of a partial shell in which the extents of all metal and gap sections exceed the poloidal halfwavelength of the central harmonic, r w /͉m 0 ͉, and the gaps are such such as to prevent m 0 ,n 0 eddy currents from flowing in unidirectional continuous loops around the plasma ͑i.e., the shell is nonresonant͒, it can be shown that ͑see Sec. III͒
where f is the area fraction of gaps, and w ϭ 0 r w w ␦ w . Here, w and ␦ w are the conductivity and ͑uniform͒ thickness of the metal sections of the shell, respectively. Incidentally, the value of w given in Eq. ͑136a͒ is equal to the equivalent time constant, which is defined as the time constant of a uniform shell of radius r w which contains the same amount of metal as the partial shell. Equations ͑134͒-͑136͒ yield
Thus, in this special case, the effective shell possesses the same time constant as the metal sections of the actual shell.
As the fraction of gaps is increased, the radius of the effective shell also increases. This implies, not surprisingly, that the shell becomes progressively less capable of stabilizing the ideal external kink mode as the fraction of gaps is made larger.
The results of Secs. III and IV indicate that if a nonresonant partial shell is such that the extents of all metal or gap sections do not exceed the poloidal half-wavelength of the central harmonic, r w /͉m 0 ͉, then the performance of the shell is worse than that indicated above. In fact, Figs. 1 and 2 clearly suggest that, in this situation, the time constant, w , and the critical shell stability index, ⌬ c m 0 ,n 0 , of the shell are both less than the values given in Eqs. ͑136͒. In particular, the time constant of the shell falls below the equivalent time constant. It follows from Eq. ͑135͒ that, in this case, the radius of the effective shell is larger than that given in Eq. ͑138͒. Thus, a nonresonant partial shell in which the extents of all metal and gap sections exceed the poloidal halfwavelength of the central harmonic is better able to stabilize the ideal external kink mode that a similar shell ͑i.e., a nonresonant partial shell containing the same amount of metal and the same area fraction of gaps͒ in which this is not the case. Clearly, it is of great importance, when designing a nonresonant passive stabilizing shell, to ensure that the extents of all metal and gap sections exceed the poloidal halfwavelength of the central harmonic.
A partial shell which permits m 0 ,n 0 eddy currents to flow in unidirectional continuous loops around the plasma is termed a resonant shell. The results of Secs. III and IV indicate that a resonant partial shell which possesses only one helical path per helical period of the central harmonic ͑this corresponds to the ϭ1 case discussed in Sec. III F 3͒ performs worse than a similar nonresonant shell ͑i.e., a nonresonant shell containing the same amount of metal and the same area fraction of gaps͒. The basic reason for this behavior is the existence of a particular phase for the resistive shell mode at which the m 0 ,n 0 eddy currents excited in the shell divert magnetic flux strongly through the gaps in the shell. The results of Secs. III and IV also indicate that a resonant partial shell which possesses two independent helical paths per helical period of the central harmonic ͑this corresponds to the ϭ2 case discussed in Sec. III F 3͒ performs better than a similar nonresonant shell. Furthermore, a resonant partial shell which possesses three or more independent helical paths per helical period of the central harmonic ͑this corresponds to the Ͼ2 case discussed in Sec. III F 3͒ performs much better than a similar nonresonant shell: the performance improves as the number of independent paths increases. In fact, the results of Sec. IV C suggest that for a resonant partial shell which possesses three or more independent helical paths per helical period of the central harmonic, the time constant of the shell is equal to the equivalent time constant, and the critical shell stability index tends to infinity as the number of paths tends to infinity. These results are true irrespective of whether the extents of the metal and gap sections of the shell exceed the poloidal half-wavelength of the central harmonic.
The following general conclusions may be drawn regarding the ability of a partial shell to moderate the growth of the ideal external kink mode. For a nonresonant shell the optimum performance is achieved when the extents of all metal and gap sections exceed the poloidal half-wavelength of the central harmonic. In this case, the shell acts like an effective complete shell whose time constant is the same as the conducting portions of the actual shell and whose radius is somewhat larger than the radius of the actual shell. Note that the radius of the effective shell, which is given in Eq. ͑138͒, only depends on the area fraction of gaps in the actual shell. For a resonant shell the optimum performance is achieved when there are very many ͑i.e., at least two͒ independent helical paths through the shell per helical period of the central harmonic. In this case, the shell acts like an effective complete shell whose radius is that of the actual shell, and whose time constant is the same as the equivalent time constant ͑i.e., the average time constant of the metal and gap sections of the actual shell͒. Consequently, it is possible to improve the performance of a nonresonant partial shell by installing ''jump leads'' between separate metal sections of the shell, so as to form at least two helical paths in the shell per helical period of the central harmonic. The jump leads have the effect of decreasing the radius of the effective shell, although, somewhat paradoxically, they also decrease its time constant.
C. Feedback stabilization of the resistive shell mode
The fake rotating shell concept
The results of Sec. IV, which deals with partial shells constructed from thin helical wires or thin wire loops, can be used to investigate whether feedback stabilization schemes for the resistive shell mode remain feasible when realistic sets of feedback coils are employed. Consider, for example, the recently proposed fake rotating shell stabilization scheme. 43 In the original proposal, the feedback controlled conductors consist of a fine network of interconnected toroidal and poloidal wires which completely surrounds the plasma. A separate power amplifier is needed for each cell in the network. The scheme works by mimicking the eddy current pattern of a poloidally rotating resistive shell using the feedback controlled network of conductors. Thus, to all intents and purposes, the network acts like a poloidally rotating resistive shell. The combination of a stationary conventional shell ͑e.g., the vacuum vessel͒ surrounded by a fake rotating shell ͑i.e., the feedback controlled network of conductors͒ is capable of stabilizing the resistive shell mode provided that the effective angular rotation frequency of the fake shell ͑which is proportional to the gain in the feedback circuits͒ is greater than the inverse L/R time of the network. In the following, two variants of the original fake rotating shell stabilization scheme which may be easier to implement experimentally are investigated.
Feedback using helical windings
Suppose that the feedback controlled conductors consist of a set of independent helical windings, such that at any given toroidal angle there are M windings located at poloidal angles
for kϭ1 to M. The set of windings clearly possesses M ,N helical symmetry. As usual, it is convenient to adopt the single harmonic approximation, in which the shell stability indices for all harmonics, apart from the central harmonic m 0 ,n 0 , take their vacuum values Ϫ2͉m͉. It is assumed that the windings are resonant with the central harmonic, so that n 0 M Ϫm 0 Nϭ0. Suppose that each feedback winding is accompanied by a high resistance helical sensor loop, such that the kth loop is located at k ϩ␦. Here, d/r w Ӷ␦Ӷ2/M , where d is the diameter of the feedback windings. It is assumed that the feedback windings and the sensor loops possess the common minor radius r w . The voltage ͑per unit length͒ generated by magnetic induction in the kth feedback winding is
where use has been made of the results of Sec. IV C, including the assumed current distribution ͑86͒. Note that k ϭ2(kϪ1)/M . Likewise, the voltage ͑per unit length͒ generated by magnetic induction in the kth sensor loop is
͑141͒
It is clear from Eq. ͑155͒ that in the absence of feedback ͑i.e., ⍀ w ϭ0͒ the resistive shell mode takes the form of a nonrotating mode growing on the time constant of the passive shell. Feedback causes the resistive shell mode to propagate in the direction of apparent rotation of the fake shell, but it also modifies the growth rate of the mode. If the effective radius of the fake shell w lies beyond the critical radius r c , then feedback always causes an increase in the growth rate. However, if the effective radius lies inside the critical radius, then feedback causes the growth rate to decrease. In the latter case, there is a critical value of the effective angular rotation frequency of the fake shell, ⍀ w , above which the resistive shell mode is stabilized. This critical rotation frequency is of order 1/ w . The corresponding critical ''voltage gain,'' Gϭ͉Ṽ kϩ1 ϪṼ kϪ1 ͉/(͉␥͉͉Ṽ k ͉), in the feedback circuits ͑i.e., the ratio of the voltage fed into a particular feedback winding to that generated by magnetic induction in a neighboring sensor loop͒ is
Thus, for GϾG c the resistive shell mode is stabilized. The critical current which must be supplied by an individual feedback amplifier is
where b r is the perturbed radial magnetic field strength at radius r w , and
Likewise, the critical power which must be supplied by an individual feedback amplifier is
Note that these critical values are similar in magnitude to those obtained in the original feedback stabilization scheme where the feedback controlled conductors consist of a fine network of interconnected poloidal and toroidal wires. The number of amplifiers needed to implement the feedback scheme is equal to the number of independent helical windings, i.e., the required number of amplifiers is N. Consider using the scheme outlined above to feedback stabilize an n 0 ϭ1 resistive shell mode. The feedback windings resonate with the mode provided that M ϭNm 0 , where N is the number of separate windings. When there is only one feedback winding ͑i.e., Nϭ1͒, m 0 /M ϭ1, and it follows from Eqs. ͑147͒ and ͑149͒ plus Fig. 10 that ⌬ c Ј m 0 ,n 0 ϭ0 and r w →ϱ. Thus, in this case, the effective radius of the fake shell tends to infinity, and the feedback scheme is, therefore, incapable of stabilizing the resistive shell mode. When there are two feedback windings ͑i.e., Nϭ2͒, m 0 /M ϭ1/2, so r w is finite, but it follows from Eq. ͑145͒ that ⍀ w ϭ0. Thus, in this case, the fake shell does not rotate, and the feedback scheme remains incapable of stabilizing the resistive shell mode. When there are three or more feedback windings ͑i.e., N Ͼ2͒ it is easily demonstrated that r w is finite and ⍀ w is nonzero. Thus, in this case, the feedback scheme is capable of stabilizing the resistive shell mode. It is concluded that the minimum number of separate helical windings needed to implement the fake rotating shell feedback scheme is three.
Note that in the case where there are two helical windings the feedback scheme only fails because the windings are equally spaced in helical angle ͓see Eq. ͑36͔͒. In fact, it is possible to implement the fake rotating shell feedback scheme using two unequally spaced helical windings. Regrettably, this configuration of windings lies beyond the scope of this paper, since it does not posses pure helical symmetry. On the other hand, it is impossible to implement the feedback scheme using a single helical winding. Note, finally, that the feedback scheme outlined above fails completely for resistive shell modes which are not resonant with the helical coils. Such modes generate no signals in the helical sensor loops, so the fake shell does not rotate. More important, according to Sec. IV D, the effective radius of the fake shell is necessarily very large, in this case, because the currents induced in the helical windings are unable to flow in continuous unidirectional loops around the plasma. Thus, although it is possible to implement the fake rotating shell feedback scheme with as few as three equally spaced helical windings, driven by three power amplifiers, such a system is only capable of stabilizing those resistive shell modes which resonate with the windings.
Feedback using modular coils
Suppose that the feedback controlled conductors consist of a uniform array of modular coils, such that at any given toroidal angle there are M wire loops centered on poloidal angles
for kϭ1 to M. The kth loop contains two toroidally directed wires located at poloidal angles k Ϯ⌬/2. The loops are assumed to be closely spaced in the toroidal direction, and such that their toroidal lengths are much less than the toroidal half-wavelength, R 0 /n 0 , of the central harmonic. In this limit, there is no significant coupling of different toroidal harmonics by the loops. Thus, the set of feedback coils effectively possesses M , 0 helical symmetry. As usual, the single harmonic approximation is adopted in the following analysis. Suppose that each feedback coil is accompanied by a high resistance sensor loop of equal area, such that the kth sensor loop is centered on k ϩ␦. Here, d/r w Ӷ␦ Ӷ2/M , where d is the diameter of the wires from which the feedback loops are constructed. It is assumed that the feedback and sensor loops are all located at minor radius r w . The voltage ͑per unit toroidal length͒ generated by magnetic induction in the kth feedback loop ͑at ϭ0͒ is
The minimum allowable number of feedback coils in the toroidal direction is 2n 0 ϩ1. 43 Thus, the number of amplifiers needed to implement the feedback scheme, which is equal to the number of feedback coils, is at least (2n 0 ϩ1)M .
Consider using the scheme outlined above to feedback stabilize an m 0 ,n 0 resistive shell mode. It is clear from Eq. ͑168͒ that if 2m 0 ϭ jM , where j is an integer, then ⍀ w ϭ0. Thus, in this case, the fake shell does not rotate, and the feedback scheme is incapable of stabilizing the resistive shell mode. It follows that the minimum number of feedback coils in the poloidal direction needed to construct a fake rotating shell is three ͑i.e., M у3͒. It is clear from Eqs. ͑149͒ and ͑170͒ that the effective radius, r w , of the fake shell tends to infinity when ͉m 0 ͉⌬/2ϭk, where k is an integer. Thus, in this case, the feedback scheme is also incapable of stabilizing the resistive shell mode. On the other hand, r w is minimized ͑as a function of ⌬͒ whenever ͉m 0 ͉⌬/2ϭ(kϩ1/2), where k is an integer. In this situation, the critical current and critical total power which the feedback amplifiers must put out in order to stabilize the resistive shell mode are similar in magnitude to the values obtained when the feedback controlled conductors consist of a fine network of wires, or a set of resonant helical windings. The critical current and critical total power increase significantly above these values when ͉m 0 ͉⌬/2 (kϩ1/2) ͓see Eqs. ͑171͒ and ͑172͔͒. It follows that a modular coil feedback scheme works optimally when the poloidal extent of each feedback coil is an odd integer multiple of the poloidal half-wavelength of the central harmonic. The feedback scheme fails completely when the poloidal extent of each feedback coil is an even integer multiple of the poloidal half-wavelength of the central harmonic. Note, in particular, that the feedback scheme only works poorly when the poloidal extent of each coil is much smaller than the poloidal half-wavelength of the central harmonic.
For the case of a 3, 1 resistive shell mode, the minimum number of feedback coils in the poloidal direction needed to construct a fake rotating shell is four. The optimum poloidal angular extent of each coil is 60°. Note that this configuration of coils is incapable of stabilizing the 2, 1 or the 4, 1 resistive shell modes, since the fake shell appears stationary to these modes. However, with five feedback coils in the poloidal direction, each of poloidal angular extent 60°, it is possible to construct a fake rotating shell which is capable of simultaneously stabilizing the 2, 1, 3, 1, and 4, 1 resistive shell modes. This scheme works optimally for the 3, 1 mode, since the poloidal angular extent of each feedback coil matches the poloidal half-wavelength of this mode. The scheme works less efficiently for the 2, 1 and 4, 1 modes, i.e., the critical currents and critical total power which the feedback amplifiers must put out in order to stabilize these modes are larger than they would have been were the feedback scheme optimized for these modes. The minimum number of feedback coils in the toroidal direction needed to implement this scheme is three. Thus, the total number of feedback coils and power amplifiers required by this particular feedback stabilization scheme is at least fifteen.
Summary and discussion
The original fake rotating shell feedback stabilization scheme, in which the feedback controlled conductors consist of a fine network of interconnected toroidal and poloidal wires surrounding the plasma, is capable of stabilizing a resistive shell mode of arbitrary helicity at relatively low values of the current and total power supplied by the feedback amplifiers. The main disadvantage of this scheme is the very large number of feedback amplifiers ͑i.e., one per network cell͒ which are needed to implement it. Another problem arises from the fact that the feedback controlled conductors link the primary induction winding of the tokamak: the primary winding is likely to drive large eddy currents in the network as the plasma current is ramped up or down.
Section V C 2 discusses a modified fake rotating shell feedback stabilization scheme in which the feedback controlled conductors consist of a set of independent helical windings. The main advantage of this modified scheme is the very small number ͑i.e., as few as three͒ of feedback amplifiers needed to implement it. The current and total power requirements are similar to those of the original scheme. The main disadvantage of the modified scheme is that it is only effective for the relatively small class of resistive shell modes which resonate with the helical windings. In fact, the scheme fails completely for nonresonant modes. Furthermore, the feedback controlled conductors still link the primary winding.
Section V C 3 discusses a modified fake rotating shell stabilization scheme in which the feedback controlled conductors consist of an array of modular coils. The number of feedback amplifiers needed to implement this scheme is relatively small, but not as small as the number of amplifiers needed to implement the helical winding based scheme. On the other hand, a modular coil based feedback stabilization scheme is effective for resistive shell modes possessing a wide range of different helicities. The current and total power requirements are similar to those of the original scheme for the relatively small class of resistive shell modes where the poloidal extent of each feedback coil is an odd integer multiple of the poloidal half-wavelength of the mode. The feedback scheme fails completely for a second relatively small class of modes where the poloidal extent of each feedback coil is an even integer multiple of the poloidal halfwavelength of the mode. For the remaining modes, the feedback scheme is effective, but the current and total power requirements on the feedback amplifiers significantly exceed those of the original feedback scheme. Modular coils do not link the primary induction winding of the tokamak, so there is no danger of eddy currents being driven in the feedback coils as the plasma current is ramped up or down.
All three of the fake rotating shell feedback stabilization schemes described above have their own peculiar set of advantages and disadvantages. On balance, the scheme which uses modular feedback coils is the one most likely to succeed experimentally.
D. Discussion
It is clear from Secs. V B and V C that the theory presented in Secs. II-IV is highly relevant to both the design of incomplete passive stabilizing shells and the design of active feedback systems ͑for external modes͒ which employ relatively small numbers of feedback coils.
VI. SUMMARY AND DISCUSSION
Section II introduces the basic concepts needed to determine the influence of a partial resistive shell on the growth rate of the external kink mode in a low-␤, large aspect-ratio, circular flux-surface tokamak. A rather heuristic derivation is given ͑in Sec. II E͒ of the fundamental dispersion relation ͑27͒ for the resistive shell mode. It turns out that this dispersion relation holds for all partial resistive shells, provided that only a single resistive shell mode ͑the m 0 ,n 0 mode, say͒ is intrinsically unstable. This condition is easily satisfied in tokamaks. The dispersion relation ͑27͒ allows a partial resistive shell to be replaced by a complete effective shell of radius r w and time constant w . The relationship between the radius and time constant of the effective shell and those of the actual shell depends on the distribution of gaps in the actual shell. In some cases, this relationship is found to take a particularly simple form ͓see Eqs. ͑28͒ and ͑33͔͒ in which r w and w only depend on the area fraction of gaps in the shell, and are independent of the actual arrangement of gaps. Note that the radius of the effective shell always exceeds the radius of the actual shell. The effective radius r w can be used to parametrize the ability of a partial shell to moderate the growth of the external kink mode. If r w Ͼr c , then the external kink mode is unstable with an ideal growth rate, whereas if r w Ͻr c the ideal mode is stable but the resistive shell mode is unstable, growing on the relatively long time constant of the shell. Here, r c is the critical radius of the m 0 ,n 0 mode; i.e., r c is the largest radius at which a complete perfectly conducting shell is able to stabilize the m 0 ,n 0 ideal external kink mode. It is clear that the smaller the effective radius of a partial shell, the better able the shell is to moderate the growth of the external kink mode.
Section III describes in detail, how the analysis of Sec. II can be employed to calculate the growth rate of the resistive shell mode for the case of a partial shell containing helical gaps. In fact, the problem reduces to a straightforward twodimensional matrix eigenvalue problem. It is necessary to make a distinction between resonant and nonresonant shells. In the former case, it is possible for m 0 ,n 0 eddy currents to flow in unidirectional continuous loops around each helical segment of the shell, whereas in the latter case this is impossible because the helicity of the shell does not match that of the m 0 ,n 0 mode. For nonresonant partial shells, the radius of the effective shell is found to depend only on the area fraction of gaps, provided that the dimensions all metal and gaps sections of the shell are larger than the poloidal halfwavelength of the m 0 ,n 0 mode. Nonresonant shells for which this condition is not satisfied are found to possess larger effective radii than similar nonresonant shells ͑i.e., nonresonant shells containing the same area fraction of gaps͒ for which this condition is satisfied. In other words, the former type of shell is less able to moderate the growth of the external kink mode than the latter type. Resonant shells are found to perform better than similar nonresonant shells ͑i.e., the effective radii of the former type of shells are smaller than those of the latter type͒, provided that they contain two or more independent helical paths per helical period of the m 0 ,n 0 mode. Resonant shells which contain only one helical path per helical period actually perform worse than similar nonresonant shells. As the number of helical paths per helical period increases, the radius of the effective shell asymptotes to that of the actual shell. This effect takes place irrespective of the dimensions of the metal and gaps sections compared to the poloidal half-wavelength of the m 0 ,n 0 mode. Thus, a resonant partial shell possessing very many helical paths per helical period of the m 0 ,n 0 mode is just as effective at moderating the growth of the external kink mode as a complete shell with the same minor radius: this remains the case even in the limit in which the area fraction of gaps in the partial shell tends to unity.
Section IV is devoted to the study of skeletal shells constructed from thin helical wires or helical wire loops. Analytic expressions are obtained for the effective radius and effective time constant of the shell in both cases. This analysis is worthwhile for two main reasons. First, it allows a qualitative understanding of the behavior of partial shells containing helical gaps, in the limit in which the fraction of gaps tends to unity. Second, and more important, such analysis is a necessary prerequisite for evaluating the effectiveness of realistic feedback control schemes for external modes.
Section V describes various applications of the theory presented in Secs. II-IV. In Sec. V B the theory is used to derive some general rules regarding the design of passive stabilizing shells. For nonresonant shells the optimum performance is achieved when the dimensions of all metal and gap sections exceed the poloidal half-wavelength of the m 0 ,n 0 mode. In this case, the radius of the effective shell depends only on the area fraction of gaps contained in the shell, and is always greater than the radius of the actual shell. For resonant shells the optimum performance is achieved when there are very many ͑i.e., at least two͒ independent helical paths through the shell per helical period of the m 0 ,n 0 mode. In this case, the radius of the effective shell approaches that of the actual shell. Thus, it is always possible to improve the performance of a nonresonant shell by installing ''jump leads'' between the separate metal sections, so as to form at least two helical paths per helical period of the m 0 ,n 0 mode.
In Sec. V C the theory is used to evaluate two feedback stabilization schemes for the resistive shell mode, both of which employ a relatively small set of independent feedback coils. These schemes are both variants on the fake rotating shell stabilization scheme described in Ref. 43 . The original scheme is capable of stabilizing any resistive shell mode, but requires a very large number of feedback amplifiers. Section V C 2 describes a scheme in which the feedback controlled conductors consist of a set of independent helical windings. This scheme can be effective with a few as three feedback windings ͑and power amplifiers͒, but is only capable of stabilizing the relatively small set of resistive shell modes which resonate with the windings. Section V C 3 describes a scheme in which the feedback controlled conductors consist of an array of modular coils. In order to be effective, this scheme requires slightly more feedback coils ͑and power am-plifiers͒ than the helical winding based scheme. On the other hand, the modular coil based scheme is capable of stabilizing a far wider range of resistive shell modes.
In conclusion, the theory presented in this paper is of great importance to both the design of passive stabilizing shells and the design of active feedback systems ͑for external modes͒ in tokamaks.
All of the analysis presented in this paper depends crucially on the validity of the ''thin shell'' approximation ͑see Sec. II E͒. This approximation holds provided that where r w and ␦ w are the minor radius and thickness of the conducting sections of the shell, respectively. Here, ⌬ w m,n is the shell stability index for the m,n harmonic ͑see Sec. II͒. The above inequality must be satisfied for all harmonics coupled by the eddy currents excited in the shell. For the case of the resistive shell mode, the inequality only breaks down in a relatively narrow range of parameter space just before the marginal stability point for the ideal external kink mode is reached. Here, it is assumed, as seems reasonable, that the thickness of the shell is much less than its minor radius ͑i.e., ␦ w /r w Ӷ1͒. Thus, the situation which is of primary practical importance ͑i.e., that where the system lies well away from the marginal stability point for the ideal mode in parameter space, so that the resistive shell mode grows on some characteristic L/R time of the shell͒ is governed by the thin shell approximation. Note that the thin shell approximation can easily be invalidated for the case of a rapidly rotating tearing mode interacting with a resistive shell. Thus, the analysis presented in this paper probably needs to be extended in order to deal effectively with this case: this subject will be discussed in a future publication.
The analysis presented in this paper is only valid for low-␤, large aspect-ratio, circular flux-surface tokamaks. In high-␤, finite aspect-ratio tokamaks it is generally found that resistive shell modes are far more sensitive to gaps in the shell situated on the outboard midplane compared to gaps situated on the inboard mid-plane. 45 This effect, which is essentially due to the large outward Shafranov shift of the innermost flux surfaces in high-␤ tokamak plasmas, does not occur in this paper, where the flux surfaces are modeled as concentric circles. However, the effect can be very conveniently simulated by simply shifting the plasma equilibrium with respect to the shell, so that the spacing between the plasma and the shell is smaller on the outboard midplane than on the inboard midplane: this subject will also be discussed in a future publication.
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